We evaluate the Hadamard function and the vacuum expectation value of the current density for a massive complex scalar field in the generalized geometry of a straight cosmic string with a finite core enclosing an arbitrary distributed magnetic flux along the string axis. For the interior geometry, a general cylindrically symmetric static metric tensor is used with finite support. In the region outside the core, both the Hadamard function and the current density are decomposed into the idealized zero-thickness cosmic string and coreinduced contributions. The only nonzero component corresponds to the azimuthal current. The zero-thickness part of the latter is a periodic function of the magnetic flux inside the core, with the period equal to the quantum flux. As a consequence of the direct interaction of the quantum field with the magnetic field inside the penetrable core, the core-induced contribution, in general, is not a periodic function of the flux. In addition, the vacuum current, in general, is not a monotonic function of the distance from the string and may change the sign. For a general model of the core interior, we also evaluate the magnetic fields generated by the vacuum current. As applications of the general results, we have considered an impenetrable core modeled by Robin boundary condition, a core with the Minkowski-like interior and a core with a constant positive curvature space. Various exactly solvable distributions of the magnetic flux are discussed.
Introduction
During the cosmological expansion, the spontaneous breaking of fundamental symmetries in the early universe leads to phase transitions. In most interesting models of high energy physics the formation of a variety of topological defects is predicted as a result of these phase transitions [1] . These topologically stable structures have a number of interesting observable consequences, the detection of which would provide an important link between cosmology and particle physics. Among the various types of topological defects the cosmic strings are most thoroughly studied due to the importance they may have in cosmology. The early interest to this class of defects was motivated by the scenario in which the strings seed the primordial density perturbations for the formation of the large-scale structures in the universe. Although the recent observations of the cosmic microwave background radiation (CMB) disfavored this scenario, the cosmic strings are still candidates for the generation of a number interesting physical effects including the generation of gravitational waves, high energy cosmic rays, and gamma ray bursts. Among the other signatures are the gravitational lensing, the creation of small non-Gaussianities in the CMB and some influence on the corresponding tensor-modes. Recently the cosmic strings attract a renewed interest partly because a variant of their formation mechanism is proposed in the framework of brane inflation [2] . Note that the cosmic string type conical defects appear also in a number of condensed matter systems such as crystals, liquid crystals and quantum liquids (see, for example, Ref. [3] ).
In the simplest theoretical model, the spacetime geometry produced by an infinite straight cosmic string has a conical structure. It is locally flat except on the top of the string where it has a delta shaped curvature tensor. In quantum field theory, the non-trivial spatial topology induced by the presence of a cosmic string raises a number of interesting physical effects. One of these concerns the effect of a string on the properties of quantum vacuum. The topology change results in the distortion of the zero-point vacuum fluctuations of quantized fields and induces shifts in vacuum expectation values (VEVs) for physical observables. Explicit calculations have been done for the VEVs of the field squared and energy-momentum tensor for scalar, fermion and vector fields (see references given in Ref. [4] ). The presence of a magnetic flux along the axis of the string gives rise to additional polarization of the quantum vacuum providing another example of a quantum topological interaction [5] - [10] . Though the gauge field strength vanishes outside the string core, the nonvanishing vector potential leads to Aharonov-Bohm-like effects on the physical characteristics of the vacuum for charged fields. In particular, in Ref. [11] it was demonstrated that the generalized Aharonov-Bohm effect leads to scattering cross sections and to particle production rates that do not go to zero when the geometrical size of the string tends to zero. These type of effects induced by gauge field fluxes have been further investigated in Refs. [12] .
The magnetic flux along the cosmic string induces also vacuum current densities. This phenomenon has been investigated for scalar fields in Ref. [13, 14] . The analysis of induced fermionic currents in higher-dimensional cosmic string spacetime in the presence of a magnetic flux have been developed in Ref. [15] . In these analysis the authors have shown that induced vacuum current densities along the azimuthal direction appear if the ratio of the magnetic flux by the quantum one has a nonzero fractional part. Moreover, the fermionic current induced by a magnetic flux in a (2 + 1)-dimensional conical spacetime and in the presence of a circular boundary has also been analyzed in Ref. [16] . The VEV of the current density in the geometry of a cosmic string compactified along its axis is investigated in Refs. [17] and [18] for fermionic and scalar fields respectively. The generalization of the corresponding results for the fermionic case to a cosmic string in background of de Sitter spacetime is given in Ref. [19] .
Many of treatments of quantum fields around a cosmic string deal mainly with the case of the idealized geometry where the string is assumed to have zero thickness. Realistic cosmic strings have internal structure, characterized by the core radius determined by the symmetry breaking scale at which it is formed. Cylindrically symmetric static models of a string where the space-time curvature is spread over a region of nonzero size are considered in Ref. [20, 21] . The vacuum polarization effects due to massless fields in the region outside the core are investigated. In particular, it has been shown that long-range effects can take place due to the non-trivial core structure. As a model of an impenetrable core for a cosmic string, in Ref. [22] a cylindrical boundary is considered with Robin boundary condition on the field operator. The renormalized VEVs of the field squared and the energy-momentum tensor for a massive scalar field with general curvature coupling are investigated. The generalization of the results to the exterior region is given for a general cylindrically symmetric static model of the string core with finite support.
The present paper is devoted to the investigation of the VEV of the current density for a massive charged scalar field in the geometry of a cosmic string with a general cylindrically symmetric core of a finite support. The core encloses a gauge field flux directed along the string axis with an arbitrary radial distribution. The current density is among the most important quantities characterizing the properties od the quantum vacuum. Though the corresponding operator is local, due to the global nature of the vacuum, the corresponding VEV describes the global properties of the bulk and carry information about the structure of the string core. In addition, the VEV of the current density acts as a source in semiclassical Maxwell equations and, hence, it plays an important role in modeling a self-consistent dynamics involving the electromagnetic field. The results presented below specify the conditions under which the details of the interior structure can be ignored and the effects induced by cosmic strings can be approximated by the idealized model.
The organization of the paper is as follows. In the next section we describe the geometry at hand and present a complete set of mode functions obeying the matching conditions on the core boundary. By using these mode functions, in Section 3, the Hadamard function is evaluated for the general case of the core geometry. This function is decomposed into two parts corresponding to an idealized geometry of a zero thickness cosmic string and to the finite core contribution. The VEV of the current density in the region outside the string core is investigated in Section 4. The behavior of the core-induced contribution is discussed in various asymptotic regions of the parameters and the corresponding magnetic fields are evaluated. The Section 5 is devoted to applications of the general results to special cases of the core interior structure and the magnetic flux distribution. Numerical examples are presented. The main results of the paper are summarized in Section 6. In Appendix A we provide an integral representation for series involving the modified Bessel function. This representation is used in the evaluation of the Hadamard function and the current density.
Geometry of the problem and the mode functions
In this paper we consider a (D + 1)-dimensional background geometry corresponding to a generalized straight cosmic string with a core of a finite support having radius a. Outside the core, in the cylindrical coordinate system (x 1 , x 2 , . . . , x D ) = (r, φ, z), with z = (z 1 , . . . , z N ) and N = D − 2, the geometry is given by the line element with planar angle deficit 2π − φ 0 :
where r > a, 0 φ φ 0 , −∞ < z i < +∞ and the points (r, φ, z) and (r, φ + φ 0 , z) are to be identified. Inside the core, r < a, the spacetime geometry is described by the line element
By a transformation of the radial coordinate, the line element (2.2) is expressed in the form previously discussed in Ref. [21] . The value of the radial coordinate corresponding to the symmetry axis of the core we shall denote by r = r c (as it will be seen below, in general, r c = 0). If the interior geometry is regular on the axis then one has
From the continuity of the metric tensor on the core boundary we get
In general, u ′ (r) is not continuous at r = a. In the interior region, r < a, for the Ricci scalar one has R = −2u ′′ (r)/u(r), and in the exterior region R = 0. We assume that an additional infinitely thin cylindrical shell located at r = a is present with the surface energy-momentum tensor τ ik . Let us denote by n i the normal to the shell normalized by the condition n i n i = −1, assuming that it points into the bulk on both sides. Introducing the induced metric as h ik = g ik + n i n k , for the extrinsic curvature tensor of the separating boundary, we have
The latter is related to the surface energy-momentum tensor by the Israel matching condition
where K = K i i and the curly brackets denote summation over each side of the shell. In the problem under consideration, for the interior and exterior regions one has n i = δ 1 i and n i = −δ 1 i , respectively. For the only nonzero component of the extrinsic curvature tensor we get K 2 2 = −u ′ a /a and K 2 2 = 1/a, with u ′ a = u ′ (a), for the interior and exterior regions, respectively. Now, the condition (2.5) leads to the following surface energy-momentum tensor: 6) and τ 1 1 = τ 2 2 = 0. In this paper we are interested in the VEV of the current density for a charged scalar field ϕ(x) in the region outside the string core. For the field with curvature coupling parameter ξ, the field equation has the form
where D k = ∇ k + ieA k , with e being the charge associated with the field, and ∇ i the covariant derivative operator. The values of the curvature coupling parameter ξ = 0 and ξ = ξ D ≡ (D−1)/4D correspond to the most important special cases of minimally and conformally coupled scalars, respectively. The operator of the current density is given by the expression
The corresponding VEV can be expressed in terms of the Hadamard function 9) where |0 stands for the vacuum state. For the VEV one has
For the evaluation of the Hadamard function we shall use the mode summation formula
where ϕ
α (x) is a complete set of normalized positive-and negative-energy mode functions obeying the field equation (2.7) and specified by the collective index α. First we consider the mode functions for scattering states. In accordance with the symmetry of the problem, these functions can be expressed as 12) where n = 0, ±1, ±2, · · · , k = (k 1 , . . . , k N ), −∞ < k j < ∞. Substituting into the field equation, and assuming the vector potential of the form 13) for the radial function in the interior region we obtain the following equation
where
For the interior region R = −2u ′′ /u. In the exterior region, r > a, the corresponding equation is obtained taking in Eq. (2.14) u(r) = r and R = 0. Note that in Eq. (2.14), A 2 (r) is the covariant component of the vector potential. For the physical component one has A φ (r) = −A 2 (r)/u(r) for r < a and A φ (r) = −A 2 (r)/r for r > a. The only nonzero components of the field tensor F il corresponding to Eq. (2.13) are given by
. In D = 3 models this corresponds to a magnetic field directed along the z-axis with the strength
The radial functions in the interior and exterior regions are connected by the matching conditions at the boundary. The radial function is continuous at the boundary: f (a−) = f (a+). In order to find the jump condition for its first derivative, we note that the Ricci scalar contains a delta function term 2(u ′ a − 1)δ(r − a)/a located on the separating boundary. By taking into account this term and integrating the radial equation near the boundary we find the following condition
In deriving this condition we have assumed that the vector potential contains no Dirac delta-type terms.
In what follows we shall consider the case when the magnetic field in the exterior region vanishes, corresponding to A 2 (r) = A 2 = const for r > a. In this case, for the exterior region, the general solution of the radial equation is a linear combination of the Bessel and Neumann functions J βn (γr) and Y βn (γr) of the order
Note that, if the function A 2 (r) is regular, the parameter β is expressed in terms of the magnetic flux inside the core as β = −Φ/Φ 0 , with Φ 0 = 2π/e being the quantum flux. Let us denote by R n (r, γ) the solution of the radial equation (2.14) inside the core, regular on the axis, namely at r = r c . By taking into account that the parameter γ enters in the equation in the form γ 2 , without loss of generality we can take this function to be real and obeying the condition R n (r, γe πi ) = const R n (r, γ). By the same reason, if A 2 (r) = 0 for r < a, we can also assume that R −n (r, γ) = const R n (r, γ). Now, the radial part of the eigenfunctions can be written in the form
The coefficients A and B in Eq. (2.18) are determined from the condition of the continuity of the radial functions and from the jump condition (2.16) at r = a:
Here and in what follows, for a given function F (x), we use the notation
Note that, because of our choice of the function R n (r, γ), we have the property
In addition, if A 2 (r) = 0 for r < a, one has p −n (γ) = p n (γ). From the normalization condition for the mode functions one has
where u(r) = r in the region r > a, the symbol δ αα ′ is understood as Kronecker delta for discrete indices and as the Dirac delta function for continuous ones. For the radial functions we get
where f (r, γ) is defined by the right-hand side of Eq. (2.18). The integral over the interior region is finite and, hence, the dominant contribution in Eq. (2.24) for γ = γ ′ comes from the integration over the exterior region. By using the standard integrals involving the cylinder functions, we find the relation
This relation determines the normalization of the interior radial function. With this normalization, the radial function in the exterior region, r > a, is expressed as
where we use the notation
In addition to the scattering states one can have bound states for which γ is purely imaginary, γ = iχ, χ > 0. In order to have a stable vacuum we assume that χ < m, otherwise the modes with imaginary energy would be present. For the bound states the exterior radial function is expressed in terms of the MacDonald function:
(2.28)
From the continuity condition for the radial function at r = a, we find
The jump condition for the radial derivative gives 24) , where in the right-hand side we should take the Kronecker delta δ χχ ′ and the energy is given by ω = k 2 + m 2 − χ 2 . Now, both the interior and exterior regions contribute to the normalization integral and one needs the formula for the integrals involving the function R n (r, γ). From Eq. (2.14) it follows that for the two solutions f i (r, γ) (i = 1, 2) of that equation, one has
From here we get
For the integral over the exterior region we use the standard integral involving the square of the MacDonald function [23] . By taking into account Eq. (2.30) for the bound states, the normalization integral can be presented as
Now, from the normalization condition one gets
The coefficient A b in Eq. (2.28) is found from Eq. (2.29).
Hadamard function
After the construction of the mode functions we turn to the evaluation of the Hadamard function in the exterior region. First we consider the case when the bound states are absent. Plugging the functions (2.12) with (2.26) into the mode-sum (2.11), we find the following expression for the Hadamard function
For the further transformation of this formula we use the identity
βn (z), s = 1, 2, are the Hankel functions and, again, we use the notation (2.21). Substituting Eq. (3.2) into Eq. (3.1), in the part with the second term in the right-hand side of Eq. (3.2), in the complex plane γ, we rotate the integration contour by the angle π/2 for s = 1 and by the angle −π/2 for s = 2. By using the property (2.22), one can see that the integrals over the segments (0, i √ k 2 + m 2 ) and (0, −i √ k 2 + m 2 ) are canceled. In the remaining integral over the imaginary axis we introduce the modified Bessel functions. As a result, the Hadamard function is presented in the decomposed form
and
In Eq. (3.5), we have used the notation (2.21) with F (x) = I βn (x) being the modified Bessel function.
The equation (3.4) corresponds to the Hadamard function in the geometry of an idealized cosmic string with zero-thickness core and constant vector potential with the regularity condition imposed at the origin. For the transformation of this function we use the integral representation [24] cos(ω∆t) 6) with the contour of the integration depicted in figure 1 . The integral can also be presented in the form C ds = cρ ds − 2 ∞ ρ ds, where c ρ is a circle of radius ρ with the center at the origin of the complex s-plane and having the anticlockwise direction. After the substitution of Eq. (3.6) into Eq. (3.4), the integrals are evaluated by using the formulas
and [23] 
In the remaining integral over the contour C, under the condition |∆z| 2 + r 2 + r ′2 > (∆t) 2 , the part corresponding to the integral over the circle c ρ vanishes in the limit ρ → 0. Thus, taking this limit one gets
(3.9) where we have introduced a new integration variable x = rr ′ /s and the function
An alternative expression for the Hadamard function G 0 (x, x ′ ) is obtained by using the integral representation (A.7) for the function (3.10). After the integration over x we get
where the summation over n goes under the same conditions as in the right-hand side of Eq. (A.4),
and we have defined the function
Note that the n = 0 term in Eq. (3.11) corresponds to the Hadamard function in Minkowski spacetime in the absence of the magnetic flux. The divergences in the coincidence limit of the arguments are contained in this term only. The remaining part is induced by the planar angle deficit and by the magnetic flux. Note that the Euclidean Green function for a massive scalar field in the geometry of a zero thickness cosmic string has been considered in Ref. [6] in the special case q < 2 and in the subspace −1 + q/2 < ∆φ/φ 0 < 1 − q/2. Under these conditions, the only contribution in the series over n in Eq. (3.11) comes from the term n = 0. Now, let us discuss the contribution to the Hadamard function coming from possible bound states. The latter are solutions of Eq. (2.30) and the corresponding mode functions are given by Eq. (2.28). The contribution of the bound states to the Hadamard function is given by
where χ stands for the summation over the solutions of Eq. (2.30) and ω = k 2 + m 2 − χ 2 . In the presence of the bound states, the evaluation of the part in the Hadamard function corresponding to scattering modes is similar to what we have described before. The only difference appears in the part where we rotate the integration contour in the contribution coming from the second term in the right-hand side of Eq. (3.2). Now, the integrand has simple poles γ = ±iχ on the imaginary axis corresponding to the zeros of the function H (s) βn (γa, p n (γ)). We escape these poles by semicircles of small radius in the right half-plane. The contributions from the semicircles in the upper and lower half-planes combine into the residue of the term with s = 1 at iχ multiplied by 2πi. As a result, an additional term comes from the poles, given by
(3.15) From the Wronskian relation for the modified Bessel functions, by using Eq. (2.30), one can show that
With this relation, we see that the contribution coming from the poles on the imaginary axis cancel the part (3.14) corresponding to the bound states. As a result, the expression for the Hadamard function (3.5) is valid in the presence of bound states as well.
Current density
With a given Hadamard function, we can evaluate the VEV of the current density by using Eq. (2.10). The current density is decomposed as
where the part j l 0 is the VEV in the geometry of zero thickness cosmic string and the contribution j l c is induced by the nontrivial structure of the core. The only nonzero component corresponds to the azimuthal current with l = 2.
First we consider the current density for the geometry of an idealized cosmic string. By using the Hadamard function given by Eq. (3.9), for the corresponding physical component j φ 0 = − j 2 0 /r, one finds
As it is seen, in the geometry of a zero thickness cosmic string the current density is a periodic function of the parameter β with period 1. This corresponds to the periodicity of the current as a function of the magnetic flux with the period equal to the quantum flux. So, if we present the parameter β in the form
with n 0 being an integer, then the VEV, j φ 0 , is a function of β f alone. For β f = 0 this VEV vanishes. An equivalent expression for the current density is obtained with the help of the integral representation (A.11), given in the appendix:
where the function f (q, β, y) is defined by the relation
In the special case 1 q 2 the sum over n is absent and Eq. (4.4) is reduced to the expression given in Ref. [14] (see also [18] ). Note that the current density for an idealized geometry of zero thickness cosmic string does not depend on the curvature coupling parameter. At large distances from the string, mr ≫ 1, and for q > 2 the dominant contribution comes from the term with n = 1 and the current density decays as e −2mr sin(π/q) /(mr) D/2 . For q 2, the suppression of the VEV at large distances is stronger, by the factor e −2mr /(mr) (D+3)/2 .
For a massless field Eq. (4.4) is reduced to
For a massive field, the expression in the right-hand side of Eq. (4.6) gives the leading term in the asymptotic expansion of j φ 0 for points close to the string, mr ≪ 1. In particular, the current density diverges on the string as 1/r D . Another special case corresponds to the absence of the planar angle deficit, q = 1. From Eq. (4.4), we get
In this case the azimuthal current density is positive for 0 < β f < 1/2 and negative for 1/2 < β f < 1. After the change of the integration variable, it can be seen that Eq. (4.7) coincides with the result obtained in Ref. [25] . In figure 2 , the VEV of the current density, measured in units of a, a 3 j φ 0 , is displayed as a function of the parameter β for a massless scalar field in a 3-dimensional space (D = 3). The graphs are plotted for a fixed value of the distance from the string, corresponding to r/a = 2, and the numbers near the curves correspond to the values of the parameter q. For the core-induced contribution in Eq. (4.1), by using Eq. (3.5) for the corresponding part of the Hadamard function, we get
If A 2 (r) = 0 for r < a, one has p −n (γ) = p n (γ) and this contribution vanishes for β f = 0. Note that the function p n (ix), in general, depends on the parameter β through the boundary condition for the vector potential at the core boundary. As a consequence of this, the coreinduced contribution to the current density, in general, is not a periodic function of the magnetic flux enclosed by the core. The physical reason for this is the interaction of the quantum field with the magnetic field inside the core if the latter is penetrable. Substituting Eq. (4.3) into Eq. (4.8) and redefining the summation variable, the expression is written in an alternative form
where β f n = q|n + β f |. The only dependence on n 0 appears in the function p n−n 0 (ix). Note the the dependence of the function p n−n 0 (ix) on n 0 can also come through the parameter β. For β f = 0 the part j φ 0 vanishes and the appearance of the nonzero current density is a purely finite-core effect. Let us consider the behavior of the core-induced part at large distances from the core. For a massive field and for mr ≫ 1, the dominant contribution into Eq. (4.8) comes from the region near the lower limit of integration. To the leading order we get
and the core-induced part is suppressed exponentially. Comparing with the behavior of the part j φ 0 , we see that for q > 2 the latter dominates at large distances and the relative contribution of the finite core-induced effects are suppressed by the factor e −2mr[1−sin(π/q)] /(mr) 3/2 . For q 2, the contributions of j φ 0 and j φ c to the total VEV, at large distances, are of the same order if am ∼ 1. For a massless field and at large distances from the core boundary, introducing in Eq. (4.9) a new integration variable, y = rx, we expand the integrand in powers of a/r. For β f = 0, the dominant contribution comes from the term with n = n β , where n β = 0 for 0 < β f < 1/2 and n β = −1 for 1/2 < β f < 1. To the leading order we get
with the notation
(4.12)
In this case the relative contribution of the core-induced effects are suppressed by the factor (a/r) 2σ β . For β f = 0 the dominant contribution comes from the terms with n = ±1:
In this case j φ 0 = 0 and the only effect comes from the nontrivial core structure. Now let us consider the behavior of the core-induced part in the current density near the core boundary. At the boundary, in general, the current density diverges. For points near the boundary the dominant contribution in Eq. (4.8) comes from large values of |n|. In order to find the leading term in the asymptotic expansion over the distance from the core boundary, it is convenient to introduce in Eq. (4.8) a new integration variable y = x/β n . In what follows we shall need the uniform asymptotic expansion of the function p n (iβ n y) for large values of |n|. First we consider the corresponding expansion for the function
By using Eq. (2.14) for the interior radial function, the following equation is obtained for the function (4.14): 15) where the prime stands for the derivative over r. Substituting x = β n y, to the leading order over |n|, one finds from Eq. (4.15) the result y n (r, β n y) = ±β n y 2 + 1/u 2 (r). 
where 18) and A 2a = lim r→a− A 2 (r). The next terms in the expansion over the powers of 1/β n are found in a similar way. The corresponding expansion for the function p n (iβ n y) is obtained from Eq.
Now, by using the uniform asymptotic expansions for the modified Bessel functions for large values of the order [26] , we can see that, to the leading order,
Note that the leading term in the expansion of the function I βn (β n ay, p(iβ n y)) vanishes due to the cancelation of the leading terms for the functions β n ayI ′ βn (β n ay) and p(iβ n y)I βn (β n ay). Substituting Eq. (4.20) into Eq. (4.8) (with x replaced by β n y), we first evaluate the series over n (to the leading order over r − a). Then, the integral over y is expressed in terms of the gamma function. Two cases should be considered separately. In the case eA 2a = qβ, to the leading order one gets
The condition eA 2a = qβ means that the vector potential is not continuous at the core boundary and the corresponding magnetic field contains the part with the delta type distribution located on the cylindrical shell r = a. For eA 2a = qβ the vector potential is continuous and the leading term vanishes. The next to the leading term in the expansion of the core-induced contribution behaves as (r/a − 1) 2−D . The corresponding coefficient depends on A ′ 2 (a) and u ′′ (a). The analysis given above shows that in the models of the core for which the core-induced contribution in the current density diverges on the boundary, the latter dominates for points near the boundary, whereas at large distances the contribution of the part j φ 0 dominates. Depending on the core model, these two contributions may have different signs and, as a result the total VEV is not a monotonic function of the radial coordinate and changes the sign for some value of the latter. An example of this type of behavior will be given below in the flower-pot model for the core geometry.
It is of interest to investigate the asymptotic behavior of the core-induced part in the current density for large values of the magnetic flux. To this aim the form of the current density (4.9) is more convenient. From Eq. (4.19) it follows that for a fixed value of x and for large |n| one has p n (ix) ≈ q|n|. Hence, in models where p n (ix) does not depend on β (for an example see below), for fixed x and n, to the leading order we get p n−n 0 (ix) ≈ q|n 0 |. By taking into account that the dominant contribution to the series and integral in Eq. (4.9) comes from the regions |n| 1/(r/a−1) and x 1/(r−a), we see that the latter estimate is valid for |n 0 | ≫ 1/(r/a−1). Under this condition, in Eq. (4.9) we can use the following replacement
In this case, for large values of the magnetic flux the core-induced contribution in the current density coincides, to the leading order, with the corresponding result for a cylindrical shell with Dirichlet boundary condition (see below). In particular, it is a periodic function of the magnetic flux. In models where the function p n (ix) depends on β, an additional dependence on n 0 appears in the function p n−n 0 (ix). As a result of this, a leading term proportional to |n 0 | may vanish (an example of this type of situation will be given below). The next to the leading term does not depend on n 0 and, again, the corresponding contribution to the current density is periodic in the magnetic flux. Now we consider the core-induced contribution in the current density in the limit a → 0 for fixed value of β. The latter means that the magnetic flux inside the core is fixed. The dominant contribution to Eq. (4.9) comes from the term with n = 0 in the case 0 < β f < 1/2 and from the term n = −1 in the case 1/2 < β f < 1. To the leading order we find
where p
n−n 0 (ix) = lim a→0 p n−n 0 (ix) and σ β is defined by Eq. (4.12). In models where the limiting value p (0) n−n 0 (ix) = p (0) n−n 0 does not depend on x, for a massless field the leading term is given by Eqs. (4.11) and (4.13). Note that for integer values of β the term with β n = 0 does not contribute to the core-induced contribution in the current and, hence, the long-range effects of the core, discussed in Ref. [21] for the VEV of the field squared, are absent for the current density.
The field strength for the electromagnetic field, F ik , generated by the vacuum current density is found from the semiclassical Maxwell equation ∇ k F ik = −4π j i . In the problem under consideration, the only nonzero components correspond to F 12 = −F 21 . After the simple integration, from the Maxwell equation for the contravariant component we get
In the model with D = 3 the corresponding magnetic field B is directed along the string axis and B z = rF 21 . Similar to the current density, the field strength is decomposed into the zero thickness cosmic string and core-induced contributions:
By using the integration formula ∞ r dr rf ν (br) = b −2 f ν−1 (br), for the idealized cosmic string part we get
In the case 1 q < 2, the corresponding magnetic field has been investigated in Ref. [14] . For the core-induced contribution to the field strength, by using Eq. (4.9), one obtains
where we have introduced the function
In deriving Eq. (4.28) we have used the formula from Ref. [23] for an indefinite integral involving the product of the MacDonald functions and applied the l'Hôpital's rule.
Examples of the core model
In the discussion above we have considered a general model specified by the functions u(r) and A 2 (r) in the region r < a. In this section we discuss exactly solvable examples of these functions. Note that, in general, the radii of the string core and of the gauge field flux can be different. For example, in the abelian Higgs model these radii are determined by the Higgs and vector particle masses (see, for instance, Ref. [1] ). Though our analysis described above is valid for general case, in the examples below for simplicity we assume that the radii of the flux tube and string core coincide. In particular, the latter is the case for BPS cosmic strings. The VEVs of the field squared and energy-momentum tensor for a charged scalar field in the geometry of an idealized cosmic string with zero thickness core and in the presence of a finite radius magnetic flux have been considered in Ref. [7] .
Cylindrical shell with Robin boundary condition
First we consider a model with an impenetrable core, on the boundary of which the field obeys the Robin boundary condition:
with a constant parameter σ. In this case the VEVs in the exterior region do not depend on the interior geometry and are completely determined by the total flux, enclosed by the boundary, through the parameter β and by the Robin coefficient σ. For a neutral scalar field, the corresponding VEVs of the field squared and the energy-momentum tensor inside and outside a cylindrical shell with Robin boundary condition have been investigated in Ref. [22] (for boundary-induced quantum vacuum effects in the geometry of a cosmic string see Ref. [27] ). For a charged field and in the presence of a magnetic flux, the mode functions in the exterior region have the form (2.12) with the radial function f (r) being the linear combination of the functions J βn (γr) and Y βn (γr). The relative coefficient is determined from the boundary condition (5.1) and for the mode functions one has 2) where the function g βn (z, x, y) is defined in Eq. (2.27). The normalization coefficient is determined from the condition (2.23) where now the integration goes over the exterior region. This gives
We see that for the Robin shell the mode functions in the exterior region are obtained from the corresponding functions for the general model of the core taking
Note that, similar to the case of the zero thickness cosmic string, here the current density does not depend on the curvature coupling parameter. The expressions for the Hadamard function and for the VEV of the current density are obtained from the formulae given above by the substitution (5.4) . Now, the function p n (ix) in Eq. (4.8) does not depend on n and β. From here it follows that the core-induced contribution and the total VEV of the current density are periodic functions of the magnetic flux with the period equal to the quantum flux. The equation (2.30) for the bound states is reduced to yK ′ βn (y)/K βn (y) = σa with y = χa. By taking into account that yK ′ βn (y)/K βn (y) < −β n , we conclude that there are no bound states for σa −q min(β f , 1 − β f ). For points near the boundary the leading term in the asymptotic expansion for the current density is obtained in a way similar to that we have described above in the general case. By using the uniform asymptotic expansion of the modified Bessel functions [26] , we can see that the coefficient of the leading term vanishes. Figure 3 displays the dependence of the total current density on the radial coordinate for D = 3 massless scalar field with Dirichlet, Neumann and Robin boundary conditions. For Robin boundary condition we have taken σa = 1 and in all cases the graphs are plotted for fixed values β = 0.2, q = 1.5. The dashed line presents the current density for a zero thickness cosmic string, namely, 10 3 a 3 j φ 0 /e. For the corresponding value on the boundary one has j φ 0 ≈ 2.7 · 10 −3 e/a 3 . Numerical results show that the subleading term in the expansion of the core-induced current density over the distance from the boundary vanishes as well and the current is finite on the boundary.
In figure 4 , for D = 3 massless scalar field and for r/a = 2, we have plotted the core-induced contribution to the VEV of the current density as a function of β for different values of the parameter q (numbers near the curves). The left and right panels correspond to Dirichlet and Neumann boundary conditions on the core boundary.
Flower-pot model
In the flower-pot model, discussed in Ref. [21] , the interior geometry is Minkowskian. Introducing a new angular coordinate φ, 0 φ 2π/q, related to the Minkowskian one by φ M = qφ, the interior line element is written as
with 0 r M r M a , where r M a is the corresponding value at the core boundary (see below). From the continuity of the radial component of the metric tensor at the boundary of the core we have r M = r + const. From the continuity of the g 22 component one gets const = a(1/q − 1). Hence, for the function u(r) in Eq. (2.2) , we obtain r M = r − r c , u(r) = q(r − r c ), r c = a (1 − 1/q) , (5.6) with r r c . Note that r M a = r M | r=a = a/q, i.e., in terms of the radial coordinate r M the radius of the core is equal to a/q. For the nonzero components of the surface energy-momentum tensor one has 8πGτ
and the corresponding energy density is positive for q > 1. We should also specify the function A 2 (r) inside the core. Here we consider examples where the equation for the radial parts of the mode functions is exactly integrable. First we consider the gauge field configuration corresponding to Dirac delta function type field strength located on the boundary of the core. The Aharonov-Bohm scattering of particles on this type of flux distribution has been discussed in Refs. [28, 29, 30] . The corresponding vector potential is given by the expression
In D = 3 models this corresponds to the magnetic field strength B z = −A 2 δ(r − a)/a. The regular solution in the interior region is given by 9) and the coefficient C is determined from the relation (2.25). For the function in the expression (4.8) of the current density one gets
This function does not depend on the parameter β. In accordance with the asymptotic analysis presented in the previous section, for large values of the magnetic flux, |n 0 | ≫ 1/(r/a − 1), the leading term in the expansion of the core-induced VEV coincides with that for a cylindrical shell with Dirichlet boundary condition. This term is periodic in the magnetic flux with the period equal to the quantum flux. From the relation yI ′ n (y)/I n (y) |n| it follows that the bound states are absent if the condition 2ξ(1 − 1/q) −β f is satisfied. In particular, this is the case for minimally and conformally coupled fields.
The second example we want to consider corresponds to a homogeneous magnetic field inside the core with the vector potential
This model of the magnetic flux tube in the context of the Aharonov-Bohm effect has been considered in Ref. [29, 31] . From the continuity at the core boundary one gets A (2) = −qA 2 /a 2 , or in terms of the parameter β: eA (2) = −βq 2 /a 2 . In the Minkowskian coordinates (t, r M , φ M , z), the nonzero component of the vector potential is given by A 2 (r)/q. In D = 3 model, the strength of the corresponding magnetic field is expressed as B z = −2βq 2 /(ea 2 ). For the regular solution inside the core one has
where M (a, b, x) = 1 F 1 (a; b; x) is the confluent hypergeometric function [26] and C 1 is determined from Eq. (2.25). For the function p(ix) in Eq. (4.8) this gives
where we have defined
For large values of the magnetic flux, |n 0 | ≫ 1/(r/a − 1), the leading term in the expansion of Eq. (5.13), which is proportional to |n 0 |, vanishes. The next to the leading term does not depend on n 0 and, to the leading order, the current density is a periodic function of the magnetic flux.
In figure 5 , the core-induced part (left panel) and the total VEV of the current density (right panel) are depicted as functions of β for D = 3 minimally coupled massless scalar field. The graphs are plotted for fixed value r/a = 2 in the flower-pot model with the vector potential distribution given by Eq. (5.11) and the numbers near the curves are the corresponding values of the parameter q. For the model (5.11) and for D = 3, we have also numerically investigated the behavior of the current density as a function of the radial distance for q = 1.5 and for two values of the magnetic flux corresponding to β = 0.25 and β = 1.75. For both these values, the ratio j φ c /e is positive and monotonically decreasing with increasing r. It diverges on the boundary inversely proportional to the distance from the boundary, which is in agreement with the general analysis of the previous section. The zero-thickness cosmic string part, j φ 0 /e, is positive for β = 0.25 and negative for β = 1.75, being monotonic in both cases. As a result, in the case β = 0.25 the ratio j φ /e for the total current is positive monotonically decreasing function of r. For β = 1.75 the total VEV is positive near the boundary and negative at large distances. It vanishes at r/a ≈ 3.15 and takes its minimum value at r/a ≈ 4.
The third exactly solvable model corresponds to the vector potential 15) where A φ = const is the corresponding physical component. For D = 3 model and in the interior Minkowski coordinates (t, r M , φ M , z), the nonzero component of the magnetic field is given by B z = A φ /r M . A charged particle with magnetic moment in this type of magnetic field has been considered in Ref. [29] . From the continuity condition for the vector potential at the core boundary, for the covariant component in the exterior region, we get A 2 = −aA φ . In terms of the parameter β one has eA φ = −qβ/a. With the function (5.15), the regular solution of the radial equation (2.14) is expressed as 16) where h = (q 2 β 2 − a 2 γ 2 ) 1/2 and the coefficient C 2 is defined from Eq. (2.25). For the function in the expression (4.8) of the core-induced part of the current density we get Similarly to the previous case, for large magnetic fluxes, |n 0 | ≫ 1/(r/a − 1), the leading term in the expansion of Eq. (5.17) vanishes and the next to the leading term does not depend on n 0 . As a result, to the leading order, the current density is a periodic function of the magnetic flux. In figure 6 , the core-induced part (left panel) and the total VEV (right panel) of the current density are depicted as functions of β for D = 3 minimally coupled massless scalar field. The graphs are plotted for fixed value r/a = 2 in the flower-pot model with the gauge field distribution given by Eq. (5.15). As before, the numbers near the curves are the corresponding values of the parameter q.
Ballpoint pen model
For this model the interior geometry is described by a positive constant curvature space. In this case we have u(r) = qb sin(r i /b), (5.19) where r i is the interior radial coordinate. From the continuity of the metric tensor component g 11 we find r i = r − r c . From the condition (2.4) one gets two possible values of the constant r c = r cj , j = 1, 2, which are
For the corresponding surface energy-momentum tensor we find where the upper and lower signs correspond to r c1 and r c2 , respectively. For the upper sign and in the special case a/b = q 2 − 1, (5.22) the surface energy-momentum tensor vanishes. In this case the first derivatives of the metric tensor are continuous as well. The corresponding model has been discussed in Ref. [20] (see also Refs. [21, 32] ). Note that, in the case D = 2, the geometry under consideration models a graphitic cone with a spherical cup, long wavelength properties of which are well described by a (2 + 1)-dimensional field-theoretical model. The corresponding opening angle is given by φ 0 = 2π(1 − N c /6), where N c = 1, 2, . . . , 5 is the number of sectors removed from the planar graphene sheet. All these angles have been experimentally observed [33] . In order to have an exactly solvable problem, for the gauge field configuration in the interior region we shall take the model given by Eq. (5.8). The regular solution of the radial equation (2.14) in the interior region is expressed in terms of the associated Legendre function
For the function p n (ix) in (4.8) this gives 25) where the upper and lower signs correspond to the models with r c = r c1 and r c = r c2 , respectively. If the derivative of the metric tensor is continuous as well, then the expression is simplified to
Note that, though the function ν(ix) can be either real or purely imaginary, the function P 
Conclusion
In the present paper we have investigated the finite core effects on the vacuum current, induced by magnetic fluxes, for a massive scalar field in the geometry of a straight cosmic string. For the interior structure of the core we have considered a general static cylindrically symmetric geometry with an arbitrary distributed gauge field flux along the string axis. For generality, we have also assumed the presence of the surface energy-momentum tensor on the core boundary. In the region outside the core the geometry is described by the standard conical line element with a planar angle deficit and for the gauge field configuration we have taken the vector potential given by Eq. (2.13) with A 2 (r) = const. Though the corresponding field strength vanishes, the magnetic field inside the core induces a nonzero VEV for the azimuthal current in the exterior region. This current is a consequence of two types of effects: the Aharonov-Bohm like effect and the direct interaction of the quantum field with the magnetic field inside the core. In models with an impenetrable core the first effect is present only and the induced current is a periodic function of the magnetic flux inside the core with the period equal to the quantum flux. For penetrable cores, the both type of effects contribute and the current density, in general, is not a periodic function of the magnetic flux.
In the region outside the core, all the properties of the quantum vacuum can be deduced from the corresponding two-point function. As such we have considered the Hadamard function. In particular, the VEV of the current density is obtained by using Eq. (2.10). For the evaluation of the Hadamard function we have used the direct summation over a complete set of modes for a scalar field. In cylindrical coordinates and for scattering states the radial parts in the mode functions are given by Eq. (2.18), where the coefficients are determined from the matching conditions at the core boundary. The normalization condition determines the value of the interior radial function at the boundary (see Eq. (2.25)). In addition to the scattering modes, there can be also bound states for which the radial function at large distances from the core decreases exponentially. The possible bound states are determined by Eq. (2.30) and the normalization of the corresponding interior function is given by Eq. (2.34). We have explicitly decomposed the Hadamard function into two contributions. The first one, given by Eq. (3.4) , corresponds to the geometry of a zero thickness cosmic string and magnetic flux and the second one is induced by the nontrivial core structure. For the first contribution, a closed expression (3.11) is provided which is convenient for the investigation of the expectation values of various local characteristics of the vacuum state (field squared, energy-momentum tensor, current density). This expression generalizes various special cases previously discussed in the literature. The core-induced effects are encoded in the part of the Hadamard function given by Eq. (3.5). It contains both the contributions from the scattering and bound states. The specific properties of the core appear through the function p n (iz).
The VEV of the current density is decomposed into the zero-thickness cosmic string part, Eq. (4.4), and the contribution coming from the finite core, given by Eq. (4.8). The only nonzero component corresponds to the azimuthal current. The zero-thickness part in the current density is a periodic function of the magnetic flux inside the core with the period equal to the quantum flux. For penetrable cores, the core-induced contribution, in general, is not periodic. The physical reason for this is the direct interaction of the quantum field with the magnetic field inside the penetrable core. For a massive field, at large distances from the string, mr ≫ 1, both parts in the current density are exponentially small. For q > 2 the idealized string part dominates at large distances and the relative contribution of the finite core effects are suppressed by the factor e −2mr[1−sin(π/q)] /(mr) 3/2 . In the case q 2 and for a massive field, the contribution of the finite core effects is of the same order as that coming from j φ 0 if am ∼ 1. For a massless field, the part corresponding to the geometry of the zero thickness cosmic string behaves as 1/r D and the relative contribution of the finite core effects at large distances is suppressed by the factor (a/r) 2σ f , where σ f is defined by Eq. (4.12). On the core boundary, the VEV of the current density, in general, diverges. In order to find the leading term in the asymptotic expansion of the current density over the distance from the core boundary, we have provided the leading terms in the uniform asymptotic expansion of the function p n (ix), for large values of |n|. The coefficients in the asymptotic expansion are found by using Eq. (4.15), which is obtained from the equation for the interior radial function. If the vector potential has discontinuity at the boundary, then the leading term in the expansion of the current density near the boundary is given by Eq. (4.22) and the current density diverges as 1/(r − a) D−1 . If the vector potential is continuous at the boundary, the leading term vanishes and the asymptotic expansion starts with the term of the order 1/(r −a) D−2 . In special cases of the interior geometry, the coefficient of the latter may vanish as well. The part j φ 0 is finite on the boundary and, hence, near the boundary the current density, in general, is dominated by the core-induced contribution. In models where the function p n (ix) does not depend on β, for large values of the magnetic flux, the core-induced contribution in the current density, to the leading order, coincides with the corresponding result for an impenetrable cylindrical shell with Dirichlet boundary condition and the leading term is periodic with the period equal to the quantum flux. The VEV of the total current density, in general, is not a monotonic function of the distance from the core boundary. By using the Maxwell semiclassical equation, we have also investigated the magnetic field generated by the vacuum currents. In particular, the core-induced contribution in the field strength is given by Eq. (4.28).
As applications of the general results we have considered four examples of the core structure and the distribution of the gauge field. In the first example, the core is impenetrable for the quantum field under consideration and is modeled by a cylindrical surface on which the field operator obeys Robin boundary condition. The core-induced contribution to the vacuum current density is obtained from the general expression (4.8) with the function p n (ix) = σa. In this case, the current density is a periodic function of the magnetic flux with the period equal to the quantum flux. For the second example, we have considered the interior geometry being Minkowskian (flower-pot model). The corresponding surface energy-momentum tensor is obtained from the matching condition at the core boundary and is given by Eq. (5.7). For the gauge field distribution we have discussed three exactly integrable models. For D = 3 they correspond to the Dirac delta function type magnetic field located on a cylindrical shell, to a homogeneous magnetic field inside the core and to a magnetic field proportional to 1/r. The corresponding functions are given by Eqs. (5.10), (5.13) and (5.17), respectively. In these examples, as a consequence of the direct interaction of the quantum field with the interior magnetic field, the current density is not a periodic function of the magnetic flux. However, for large fluxes, the leading terms in the corresponding asymptotic expansions are periodic with period equal to the quantum flux. As a model for the interior geometry we have also considered the ballpoint pen model with a constant curvature space. In this case two possible matching conditions are obtained with the surface energy-momentum tensors given by Eq. (5.21). In the special case (5.22) the derivatives of the metric tensor are continuous at the core boundary and the surface energy-momentum tensor vanishes. In the ballpoint pen model, in order to have an exactly solvable problem, we have considered the Dirac-delta-type distribution of the magnetic field on the core boundary. The corresponding function in the expression for the core-induced contribution to the current density is given by Eq. (5.25).
A Integral representation
In this section we derive an integral representation for the function I q (β, ∆φ, z) defined by Eq. (3.10). By taking into account Eq. (4.3), we obtain I q (β, ∆φ, x) = e −iqn 0 ∆φ I q (β f , ∆φ, x).
(A.1)
From here it follows that, without loss of generality, in the evaluation below we can assume that 0 β < 1. We use the integral representation for the modified Bessel function [26] : For the special case β = 0 this formula reduced to the one given in Ref. [34] . Taking ∆φ = 0, from (A.7) one gets we obtain the same representation (A.11). Hence, the formula (A.11), with β f defined by Eq. (4.3), is valid for general values of β.
